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Refined Tropicalizations for Schön Subvarieties of Tori
Andreas Gross
We introduce a relative refined χy-genus for schön subvarieties of alge-
braic tori. These are rational functions of degree minus the codimension
with coefficients in the ring of lattice polytopes. We prove that the relative
refined χy turns sufficiently generic intersections into products, and that
we can recover the ordinary χy-genus by counting lattice points. Applying
the tropical Chern character to the relative refined χy-genus we obtain
a refined tropicalization which is a tropical cycle having rational func-
tions with Q-coefficients as weights. We prove that the top-dimensional
component of the refined tropicalization specializes to the unrefined trop-
icalization up to sign when setting y = 0 and show that we can recover
the χy-genus by integrating the refined tropicalization with respect to a
Todd measure.
1 Introduction
One of the main concerns of tropical geometry is to determine which invariants of
a subvariety of an algebraic torus are preserved when passing to its tropicalization.
Motivated by the conjectured correspondence theorem for refined curve counts
[BG16], we ask if the χy-genus is among the preserved invariants, or rather if we
can define a refinement of the tropicalization from which it can easily be recovered.
In [NPS16], good progress has been made for the refined correspondence theorem
in genus 1 by writing the universal curve over a linear system on a toric surface
as a generic complete intersection. Tropicalizations of generic intersections can be
computed using tropical intersection theory [OP13], a statement that we will show to
remain true in the refined setting. This gives a first concrete idea of the role tropical
intersection theory might play in the theory of refined curve counting.
The question whether the χy-genus of a sufficiently generic complete intersection
Z = V( f1)∩ . . .∩V( fk) in (C∗)n can be computed from combinatorial data associated
to the fi is not new. It has already been known since the work of Danilov and
Khovanskiı˘ [DK86] (cf. [KS16] for a tropical proof) how to compute the χy-genus of
Z in terms of the Newton polytopes ∆i of the Laurent polynomials fi. In the case
k = 1 Danilov and Khovanskiı˘ gave an explicit formula for χy(Z) in terms of the
h∗-polynomial of ∆1 and suggested to use the Cayley trick in order to reduce the
computation of χy for complete intersections to the hypersurface case. While this
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certainly allows to compute the χy-genus of any given complete intersection in (C∗)n,
deducing a closed formula for χy(Z) in terms of the ∆i from this algorithm still
requires serious effort. This has been worked out much more recently by Di Rocco,
Haase, and Nill [DHN16] who proved that the p-th coefficient of χy(Z) is equal to
(−1)n−p ∑
I⊆{1,...,k}
(−1)|I|
 ∑
β∈ZI≥0
|β|≤p
(−1)|β|
(
n + |I|
p− |β|
) ∣∣∣∣∣
(
∑
i∈I
(1+ βi)∆i
)
∩Zn
∣∣∣∣∣
 ,
where the last occurring summation symbol denotes a Minkowski sum of polytopes.
In order to see how this formula can be expressed using tropical intersection
theory, we need to simplify it considerably. The major problem in any attempt of
simplification is the occurrence of counts of lattice points of various Minkowski sums
of the polytopes ∆i. The easiest way to deal with this problem is to extend scalars:
instead of working over the integers, we can work over the commutative ring L(Zn)
of lattice polytopes. It is generated by elements [P] associated to lattice polytopes
P ⊆ Rn which satisfy [P] · [Q] = [P+Q], that is multiplication is given by Minkowski
sums. Furthermore, there exists a morphism Lat : L(Zn)→ Z of abelian groups that
sends [P] to |P ∩Zn| for every lattice polytope P. We see that after the substitution∣∣∣∣∣
(
∑
i∈I
(1+ βi)∆i
)
∩Zn
∣∣∣∣∣ ←→ ∏i∈I [∆i]1+βi
in the formula above, the polynomial χy(Z) ∈ Z[y] is the image of the power series
∞
∑
p=0
(−1)n−p ∑
I⊆{1,...,k}
(−1)|I|
 ∑
β∈ZI≥0
|β|≤p
(−1)|β|
(
n + |I|
p− |β|
)
∏
i∈I
[∆i]1+βi
 yp
in L(Zn)[[y]] under coefficient-wise application of Lat. This series factors beautifully
as
(y− 1)n
k
∏
i=1
1− [∆i]
1− [∆i]y ,
an expression astonishing not only for its simplicity, but also for almost being
intersection-theoretic, making a connection to tropical intersection theory much more
likely: to compute the χy-genus of an intersection
⋂
V( fi) we start with the χy-genus
of the ambient torus, i.e. with (y− 1)n, and then add one factor for every hypersurface
we cut with. Of course, this is true only before applying Lat, which does not preserve
products. We are thus tempted us to consider 1−[∆i ]1−[∆i ]y as refinement of χy(V( fi))
relative to the embedding of V( fi) in T.
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In the course of this paper we will explain and generalize the identity
χy
(⋂
V( fi)
)
= Lat
(
(y− 1)n
k
∏
i=1
1− [∆i]
1− [∆i]y
)
.
For the generalization we will need to replace the condition “generic with Newton
polytope ∆” for hypersurfaces by a condition that works in any codimension. A
suitable notion is what was called schön by Tevelev [Tev07], a condition that has
already been used in [KS12, KS16] to study the motivic nearby fiber of subvarieties
of tori. The following theorem summarizes the results of section 3.
Theorem 1.1. We can assign to every schön subvariety Z ⊆ T = (C∗)n a rational function
χTy (Z) ∈
1
(y− 1)nL(Z
n)[y] ⊆ L(Zn)[[y]]
such that
(i) we have
χy(Z) = χy(T)Lat
(
χTy (Z)
)
= (y− 1)n Lat
(
χTy (Z)
)
for every schön subvariety Z of T.
(ii) we have
χTy (V( f )) =
1− [∆]
1− [∆]y
for every Laurent polynomial f ∈ C[Zn] which is generic among polynomials with
Newton polytope ∆.
(iii) for two schön subvarieties Z and Z′ intersecting generically we have
χTy (Z ∩ Z′) = χTy (Z) · χTy (Z′) .
Here, intersecting generically means that Z ∩ Z′ is schön, and the equality Z ∩ Z′ =
Z ∩ Z′ holds in any toric variety with sufficiently fine fan.
To prove the theorem we use Morelli’s description of the Grothendieck rings of
vector bundles on smooth toric varieties as subrings of the ring of lattice polytopes
[Mor93a]. This description makes it natural to apply the tropical version of the Chern
character to χTy (Z) and thereby obtain a tropical cycle having rational functions in
y with Q-coefficients as weights. We will call this cycle the refined tropicalization of
Z and denote it by Tropy(Z). Since the Chern character is a ring homomorphism,
part (iii) of Theorem 1.1 immediately translates to the statement that the refined
tropicalization of a generic intersection equals the intersection (product) of the refined
tropicalizations, that is
Tropy(Z ∩ Z′) = Tropy(Z) · Tropy(Z′)
3
for Z and Z′ intersecting generically. This behaviour is analagous to the unrefined case
[OP13], and in fact we prove that the top-dimensional part of Tropy(Z) specializes to
the unrefined tropicalization Trop(Z) up to sign by setting y = 0. More precisely, we
prove in Proposition 4.5 that there is an equality
|Tropy(Z)| = |Trop(Z)|
of supports and we have
Trop0(Z)
top = (−1)k Trop(Z) ,
where k is the codimension of Z and Tropy(Z)
top denotes the top-dimensional com-
ponent of Tropy(Z). We conclude the paper by explaining how Hirzebruch-Riemann-
Roch allows one to recover χy(Z) from Tropy(Z) by integrating it with respect to a
Todd measure µ. This is the translation of the first part of Theorem 1.1 which, in the
notation of Corollary 4.7 reads
χy(Z) = χy(T) ·
∫
Tropy(Z) dµ .
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2 Preliminaries
We quickly recall the main results and definitions needed in this paper. Throughout
this paper, we will work over an algebraically closed field κ of characteristic 0.
The χy-genus
If X is a smooth projective variety, its χy-genus can be defined as
χy(X) =
dim X
∑
p=0
(−1)pχ(X,ΩpX)yp .
It can be shown that there is a unique way to extend this definition to all algebraic
schemes such that χy is additive with respect to stratifications, that is there is a unique
way to assign to every algebraic scheme X a polynomial χy(X) ∈ Z[y] such that for
smooth projective varieties the above formula holds and for every closed immersion
X → Y we have
χy(X) = χy(Y) + χy(X \Y) .
The χy-genera are also multiplicative, that is χy(X × Y) = χy(X) · χy(Y) for all
algebraic schemes X and Y (the product of course taken over the base field), although
we will not need this here.
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The Grothendieck groups K0 and K0
For any scheme X one can define the Grothendieck group of vector bundles K0(X).
It is the free abelian group generated by all isomorphism classes of vector bundles,
modulo the relations [F ] = [F ′] + [F ′′], whenever F is an extension of F ′ by F ′′
(here, [F ] denotes the generator associated to the isomorphism class of F ). There is
a natural ring structure on K0(X) defined by the product law [F ] · [G] = [F ⊗OX G],
making K0(X) a commutative ring with unit [OX ]. In fact, K0(X) even is a λ-ring: for
every vector bundle F we can define a polynomial λt(F ) = ∑k[
∧k F ]yk ∈ K0(X)[y].
This extends uniquely to a morphism of abelian groups K0(X) → 1 + yK0(X)[[y]]
satisfying various other good properties which we will not need.
Similarly, one can define the Grothendieck group of coherent sheaves K0(X), which
is the free abelian group generated by all isomorphism classes of coherent sheaves,
again modulo the relations coming from extension. Tensoring with an arbitrary
coherent sheaf is not exact, so K0(X) is not a ring, but it is easily seen to be a
K0(X)-module.
The Grothendieck groups are universal among pairs of abelian groups and maps
from the set of isomorphism classes of finite rank locally free / coherent sheaves
which are additive on exact sequences into them. In particular, as taking Euler
characteristics of coherent sheaves on projective varieties is additive, for projective
X there is a unique function χ : K0(X) → Z such that χ[F ] = χ(X,F ) for every
coherent sheaf F .
For any morphism f : X → Y of schemes, there is a map pull-back f ∗ : K0(Y) →
K0(X) mapping [F ] to [ f ∗F ]. This is a morphisms of rings. If f is proper, there
also is a push-forward f∗ : K0(X)→ K0(Y) mapping [F ] to ∑i(−1)i[Ri f∗F ]. This is a
morphism of K0(X)-modules, or equivalently, there is a projection formula. We will
only need the push-forward for closed embeddings, in which case the push-forward
has the simple form f∗[F ] = [ f∗F ].
There is a canonical morphism
K0(X)→ K0(X)
of K0(X)-modules, sending [F ] to [F ] for every finite rank locally free sheaf F . For
smooth varieties, this is always an isomorphism. Since we only consider smooth
varieties in this note, we will not distinguish between K0(X) and K0(X) and simply
write K(X)
The Grothendieck ring of smooth complete toric varieties
The Grothendieck ring K(X) of a smooth complete toric variety X can be described
with polyhedral geometry. Let T be an algebraic torus and with character lattice M,
and let X be a toric variety with big open torus T. In [Mor93a], Morelli constructs an
injective ring homomorphism IX : K(X) → L(M) into the ring of lattice polytopes.
The underlying abelian group of L(M) is the free abelian group on all lattice polytopes
in MR = M ⊗Z R, modulo the scissors relations [P] + [Q] = [P ∪ Q] + [P ∩ Q],
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whenever P, Q, P ∪ Q, and P ∩ Q are all lattice polytopes, and the translation
relations [P + m] = [P] for all lattice polytopes P and m ∈ M. Here, [P] denotes the
generator of L(M) corresponding to the lattice polytope P. The multiplication on
L(M) is given by the Minkowski sum, that is [P] · [Q] = [P + Q]. We will not need a
precise description of IX , besides the following three facts:
• If D is an ample torus-invariant divisor on X with associated polytope PD, then
IX [OX(D)] = [PD].
• For every coherent sheaf F on X we have χ(X,F ) = Lat ◦IX [F ], where
Lat : L(M)→ Z is the group homomorphism sending [P] to its number |P∩M|
of lattice points.
• The morphisms IX are functorial with respect to toric morphisms. In particular,
whenever f : X′ → X is a toric modification from another smooth complete toric
variety X′ with big open torus T, we have IX′ ◦ f ∗(α) = IX(α) for all α ∈ K(X).
Schön subvarieties of tori
Let Z be a subvariety of an algbraic torus T. Then for every toric variety X with big
open torus T we can consider the closure Z in X. The pair (X, Z) is called tropical,
if Z is proper and the multiplication map T × Z → X is faithfully flat. Tevelev
showed in [Tev07] that for given Z, there always exists a toric variety X such that
(X, Z) is tropical. Furthermore, he showed that the set of such X is stable under toric
modification. However, except in trivial cases X can never be proper itself. So let
us call a pair (X, Z) almost tropical if Z is proper and the multiplication map is flat,
but not necessarily surjective. Then again, the set of all X such that (X, Z) is almost
tropical is closed under toric modification of X, and therefore we can always choose
X to be smooth and projective.
A subvariety Z of T is called schön, if there exists a toric variety X such that (X, Z)
is tropical, and the multiplication map is smooth. By [Tev07, Thm. 1.4], this implies
that the multiplication map is smooth for all choices of X for which (X, Z) is almost
tropical. If Z is schön and (X, Z) is almost tropical, then we also say that Z is a schön
subvariety of X.
3 The relative refined χy-genus
As we have already seen, the χy-genus of a smooth projective variety can be computed
in terms of Euler characteristics of its sheaves of forms. Since we are mainly interested
in non-projective varieties, it will be convenient to have a formula for the χy-genus
of a non-proper variety involving Euler characteristics of bundles on a suitable
compactification.
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Proposition 3.1. Let D be a simple normal crossings divisor on a smooth projective variety
X of pure dimension n. Then we have the equality
χy(X \ D) =
n
∑
k=0
(−1)n−kχ(X,Ωn−kX (log D))yk .
Proof. We proof this by induction, first on n, then on the number l of irreducible
components of D. For n = 0 the statement is trivial, so assume n > 0. If l = 0, we
have Ω1X = Ω
1
X(log D) and the formula follows from Serre duality. So assume l > 0.
Let D1 be an irreducible component of D. For every p > 0 we have a short exact
sequence (see [EV92, Property 2.3 b)])
0→ ΩpX(log(D− D1))→ ΩpX(log D)→ Ωp−1D1 (log(D− D1)|D1)→ 0 .
This yields
n
∑
k=0
(−1)n−kχ(X,Ωn−kX (log D))yk =
=
n
∑
k=0
(−1)n−kχ(X,Ωn−kX (log(D− D1)))
−
n−1
∑
k=0
(−1)(n−1)−kχ(D1,Ω(n−1)−kD1 (log(D− D1)|D1))
which is, by induction, equal to
χy(X \ (D− D1))− χy(D1 \ (D− D1)) = χy(X \ D) ,
where the last equality follows from the additivity of χy.
Motivated by the formula for the χy-genus in the preceding proposition and the
conormal sequence for the log-cotangent bundles, we make the following definition.
It is not very enlightening by itself, but we will quickly see that it has the properties
we desire.
Definition 3.2. Let Z be a codimension-k schön subvariety of a smooth projective
toric variety X. Let N ∨Z/X be the conormal bundle on Z, and let i : Z → X be the
inclusion. We define
χXy (Z) := IX ◦ i∗
[(
ykλ−y−1 [N ∨Z/X ]
)−1]
=
= IX ◦ i∗
( n∑
i=0
(−1)k−i[∧k−iN ∨Z/X]
)−1 ∈ L(M)[[y]] .
The following proposition shows that the relative refined χy-genus deserves its
name.
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Proposition 3.3. Let Z be a codimension-k schön subvariety of a smooth projective toric
variety X with big open torus T ∼= Gnm. Then (y− 1)nχXy (Z) is a polynomial of degree n− k,
and we have
χy(Z ∩ T) = χy(T)Lat
(
χXy (Z)
)
= (y− 1)n Lat
(
χXy (Z)
)
.
Proof. Let D denote the boundary X \ T. It is a simple normal crossings divisor, and
since Z is schön, the same is true for D|Z. For the conormal sequence for the log
cotangent bundles
0→ N ∨Z/X → i∗Ω1X(log D)→ Ω1Z(log D|Z)→ 0 ,
where i : Z → X is the inclusion map, we deduce that(
ykλ−y−1 [N ∨Z/X ]
)−1 · yn−ki∗ (λ−y−1 [Ω1X(log D)]) = ykλ−y−1 [Ω1Z(log D|Z)] .
Taking i∗ of both sides and using the projection formula yields
i∗
[(
ykλ−y−1 [N ∨Z/X ]
)−1] · ynλ−y−1 [Ω1X(log D)] = i∗ [yn−kλ−y−1 [Ω1Z(log D|Z)] .
But Ω1X(log D) is trivial of rank n [CLS11, Example 8.1.2], and hence
ynλ−y−1 [Ω
1
X(log D)] = y
n(λ−y−1 [OX ])n = yn(1− y−1)n = (y− 1)n .
It follows that
(y− 1)n · i∗
[(
ykλ−y−1 [N ∨Z/X ]
)−1]
= i∗
[
yn−kλ−y−1 [Ω
1
Z(log D|Z)
]
, (3.1)
which clearly is a polynomial of degree n− k in K0(X)[y]. As IX is a ring homomor-
phism, the first claim follows. For the second claim we recall that for any vector
bundle F on Z we have Lat(IX(i∗[F ])) = χ(Z,F ). Thus, applying Lat ◦IX to both
sides of equation 3.1 yields
Lat
(
(y− 1)nχXy (Z)
)
=
n−k
∑
i=0
(−1)n−k−iχ(Z,Ωn−k−iZ (log D|Z)) ,
which is equal to χy(Z ∩ T) by Proposition 3.1. Because Lat is Z-linear, we may pull
(y− 1)n to the front, finishing the proof.
Until now, the relative refined χy-genus is defined for schön subvarieties of smooth
projective toric varieties and not for schön subvarieties of tori. The following propo-
sition shows that to define it for a schön subvariety of an algebraic torus, we can
simply take its closure in a suitable toric variety and then take the relative refined
χy-genus of the compactification.
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Proposition 3.4. Let Z be a schön subvariety of a torus T, and let X and X′ be two smooth
projective toric varieties such that both (X, Z) and (X′, Z) are almost tropical. Let Z and Z′
denote the closures of Z in X and X′, respectively. Then we have
χXy (Z) = χ
X′
y (Z
′
) .
Proof. The set of fans Σ for which XΣ is smooth and projective and (XΣ, Z) is almost
tropical is directed, so we may assume that X′ is a toric modification of X, i.e. there is
a toric morphism f : X′ → X induced by a refinement of fans. Denoting the induced
morphism Z′ → Z by g, and the inclusions of Z and Z′ into X and X′ by i and i′,
respectively, we have a diagram
Z′ Z′ × T X′
Z Z× T X
id×1
i′
id×1
i
g g× id f
in which the two middle squares are cartesian by [Tev07, Prop. 2.5]. Since the
multiplication maps are smooth, Z× T and X′ are Tor-independent over X. Clearly,
Z and Z′ × T are also Tor-independent over Z× T. Together, this yields that Z and
X′ are Tor-independent over X [SGA6, III 1.5.1]. By [SGA6, IV 3.1.1], this implies that
f ∗i∗α = i′∗g∗α
for all α ∈ K0(Z). Using that g∗N ∨
Z/X
= N ∨
Z′/X′
and IX′ ◦ f ∗ = IX finishes the
proof.
Definition 3.5. Let Z be a schön subvariety of T. Then we define
χTy (Z) := χ
X
y (Z) ,
where Z is the closure of Z in a smooth projective toric variety X such that (X, Z) is
almost tropical. By Proposition 3.4, this is well-defined.
Part (i) of Theorem 1.1 now follows directly from Proposition 3.3.
Corollary 3.6. Let Z be a schön subvariety of an algebraic torus T. Then χy(T)χ¨Ty (Z) is a
polynomial of degree dim(Z), and we have
χy(Z) = χy(T)Lat
(
χTy (Z)
)
.
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The following proposition proves part (ii) of Theorem 1.1.
Proposition 3.7. Let M be a lattice, let ∆ ⊂ MR be a lattice polytope, and let f ∈ κ[M] be
generic with Newton polytope ∆, then
χTy (V( f )) =
1− [∆]
1− [∆]y ,
where V( f ) denotes the closed subscheme of T = Spec κ[M] defined by f .
Proof. Let Σ be a smooth projective refinement of the inner normal fan of ∆, and let
X = XΣ denote the associated projective toric variety. Then the pair (XΣ, V( f )) is
almost tropical by [LQ11, Thm. 1.5]. Denote D = V( f ). The conormal bundle N ∨D/X
is equal to OD(−D). Thus, we have(
yλ−y−1 [N ∨D/X ]
)−1
= (−[OD(−D)] + [OD]y)−1 =
= −[OD(D)] ·
∞
∑
k=0
[OD(kD)]yk = −
∞
∑
k=0
[OD((k + 1)D)] .
Using the exact sequence
0→ OX(kD)→ OX((k + 1)D)→ OD((k + 1)D)→ 0
we see that the push-forward of
(
yλ−y−1 [N ∨D/X ]
)−1
to X is equal to
∞
∑
k=0
(
[OX(kD)]− [OX((k + 1)D)]
)
yk =
1− [OX(D)]
1− [OX(D)]y .
To finish the proof, we note that OX(D) is isomorphic to the toric vector bundle
OX(∆), which is mapped to [∆] by IX .
Remark 3.8. Without the use of Corollary 3.6, it is not immediate that 1−[∆]1−[∆]y is
contained in L(M)[y, (y − 1)−1]. To see this directly, we note that by [McM89,
Lemma 13] and [McM09, Thm. 9.1] we have (1 − [∆])n+1 = 0 in L(M), where
n = rk M. Therefore, [∆] is a unit and we have
1− [∆]
1− [∆]y =
1− [∆]
[∆](1− y) ·
1(
1− 1−[∆]
[∆](y−1)
)−1 = − n∑
i=1
(
[∆]−1 − 1
y− 1
)i
.
Finally, we prove part (iii) of Theorem 1.1. The formula for the χy-genera of
complete intersections in algebraic tori will be an immediate consequence.
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Proposition 3.9. Let Y and Z be two schön subvarieties of a torus T intersecting generically,
by which we mean that Z∩ Z′ is schön, and there is an equality Z ∩ Z′ = Z∩ Z′ in any toric
variety with sufficiently fine fan. Note that the latter condition is equivalent to the existence
of a toric variety X such that all three pairs (X, Y), (X, Z), and (X, Y ∩ Z) are all almost
tropical, and the equality Z ∩ Z′ = Z ∩ Z′ holds on X. Then we have
χTy (Y ∩ Z) = χTy (Y) · χTy (Z) .
Proof. Let X be a smooth projective toric variety satisfying the condition stated in the
proposition. Consider the diagram
X
Y Z
Y ∩ Z ,
i j
k
i′j′
where i, j, i′, j′, and k are the natural closed immersions. Since Y and Z meet properly
in the smooth variety Y ∩ Z we have N ∨
Y∩Z/X = (j
′)∗NY/X ⊕ (i′)∗NZ/X. Thus, if c
and d denote the codimension of Y and Z in T, respectively, we have
I−1X χ
T
y (Y ∩ Z) = k∗
[(
yc+dλ−y−1 [N ∨Y∩Z/X ]
)−1]
=
= k∗
[
(j′)∗
(
ycλ−y−1 [N ∨Y/X ]
)−1 · (i′)∗(ydλ−y−1 [N ∨Z/X ])−1] .
We see that it suffices to show that
k∗
[
(j′)∗α) · (i′)∗β
]
= (i∗α) · (j∗β)
for all α ∈ K(Y) and β ∈ K(Z). Using the projection formula, we see that the left
hand side of this identity is equal to i∗(α · j′∗(i′)∗β), whereas the right hand side is
equal to i∗(α · i∗ j∗β). Therefore, it is sufficient to prove that i∗ j∗ = j′∗(i′)∗. But because
Y and Z intersect transversally, they are Tor-independent over X, so we are done by
[SGA6, IV 3.1.1].
Corollary 3.10. Let M be a lattice, let ∆1, . . . ,∆k be lattice polytopes in MR, and let
f1, . . . , fk ∈ κ[M] be generic with Newt( fi) = ∆i. Then for the complete intersection
Z = V( f1) ∩ . . . ∩V( fk) in T = Spec κ[M] we have
χTy (Z) =
k
∏
i=1
1− [∆i]
1− [∆i]y .
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In particular, we have
χy(Z) = Lat
(
(t− 1)n
k
∏
i=1
1− [∆i]
1− [∆i]y
)
.
4 Refined Tropicalizations
Recall that for every smooth variety X there is a the Chern character ch : K(X)Q →
A∗(X)Q, which is an isomorphism of rings [Ful93]. It defines a natural transformation
between K and A∗ seen as contravariant functors from the category of smooth varieties
to the category of rings. In particular, for a given lattice M with dual N it induces
an isomorphism lim−→Σ K(XΣ)Q → lim−→Σ A∗(XΣ)Q, where the colimits are taken over
all smooth complete fans in NR, and XΣ denotes the toric variety associated to Σ.
From what we saw in section 2, the colimit lim−→Σ K(XΣ)Q over the Grothendieck
rings is isomorphic to L(M)Q. On the other hand, the colimit lim−→Σ A∗(XΣ)Q over
the Chow rings is known to be isomorphic to the tropical intersection ring Z∗(NR)
[FS97, AR10, Kat12, Rau16]. The isomorphism lim−→Σ A∗(XΣ) → Z∗(NR) can be
described by writing Z∗(NR) as a colimit lim−→Σ M
∗(Σ), where M∗(Σ) is the subgroup
of ZΣ of so-called Minkowski weights. We refer to [FS97] for the precise definition of
M∗(Σ). Thus, the tropical intersection ring Z∗(NR) consists of weighted fans modulo
refinements. The isomorphism lim−→Σ A∗(XΣ) → Z∗(NR) can be easily described:
it assigns to a cocycle C ∈ A∗(XΣ) the class of the fan Σ with weights given by
Σ 3 σ 7→ ∫XΣ C · [V(σ)], where V(σ) denotes the closed torus-invariant subvariety of
XΣ corresponding to σ under the Orbit-Cone Correspondence.
Combining the three ring isomorphisms mentioned above, we obtain an isomor-
phism
chtrop : L(M)Q → Z∗(NR)Q
which we will call the tropical Chern character. It maps the generator of L(M)Q
corresponding to a lattice polytope P to exp T (P) = ∑∞k=1 1k!T (P)k, where T (P)
denotes the tropical cycle corresponding to P (see [JY16] for details).
Remark 4.1. The isomorphism chtrop has already been considered by Jensen and Yu
[JY16] building on a result of Fulton and Sturmfels [FS97] (which in turn relied
on McMullen’s work), albeit with a slightly different domain. Instead of L(M)Q
they consider McMullen’s polytope algebra Π(MQ), which is defined similarly as
L(M), but instead of being generated by lattice polytopes in M, it is generated by
all polytopes in the Q-vector space MQ. This becomes a Q-algebra Π˜(MQ) after
replacing the 0-graeded piece, which is isomorphic to Z, by Q [McM89]. They then
show that there is an isomorphism Π˜(MQ) → Z∗(NR)Q sending the class of any
polytope P in MQ to exp T (P). This is one way to see that the canonical morphism
L(M)Q → Π˜(MQ) is an isomorphism, although this can be seen more directly
[McM09].
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(y− 1)−1
(y− 1)−1
(y− 1)−1
(y− 1)−1
−(y− 1)−1 − 2(y− 1)−2
(y− 1)−1
2(y− 1)−1
(y− 1)−1
(y− 1)−1
− 52 (y− 1)−1 − 5(y− 1)−2
Figure 1: The refined tropicalizations of generic hypersurfaces with Newton polytopes
∆1 = and ∆2 = , respectively.
Applying the tropical Chern character to the relative refined χy-genus we obtain,
while not really loosing any information, an object of a completely different flavor.
We therefore give it different name:
Definition 4.2. Let Z be a schön subvariety of an algebraic torus T. Then we define
Tropy(Z) := ch
trop(χTy (Z)) ∈ Z∗(NR)Q[y, (y− 1)−1]
and call it the refined tropicalization of Z.
The polynomial ring Z∗(NR)Q[y, (y− 1)−1 is clearly isomorphic to lim−→Σ M(Σ)⊗Z
Q[y, (y− 1)−1]. The latter is what one gets if one considers tropical cycles with weights
in Q[y, (y− 1)−1] instead of Z, so we denote this ring by Z∗(NR;Q[y, (y− 1)−1]).
Example 4.3. With the formula of Remark 3.8, we see that the refined tropicalization
of a hypersurface V( f ), where f is generic with Newton polytope ∆, is
1− exp T (∆)
1− exp T (∆)y = −
n
∑
i=1
(
exp(−T (∆))− 1
y− 1
)i
,
where n = rk M. It follows that in the case M = Z2 we only need to know T (∆)
and the self-intersection number T (∆)2 = 2 vol(∆) to compute Tropy(V( f )). We
have depicted the refined tropicalizations for ∆1 = conv{0, (1, 0), (0, 1), (1, 1)} and
∆2 = conv{0, (2, 0), (1, 2), (0, 1)} in Figure 1.
Corollary 4.4. Let Z and Z′ be two subvarieties of an algebraic torus T that intersect
generically. Then we have
Tropy(Z ∩ Z′) = Tropy(Z) · Tropy(Z′)
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Proof. This follows immediately from part (iii) of Theorem 1.1 and the fact that chtrop
is a morphism of rings.
We remark that in the unrefined case the same equality holds for two not necessarily
schön subvarieties Z and Z′ of T intersecting generically [OP13].
Of course, we need to show that Tropy(Z) specializes to the ordinary tropical-
ization. Before stating this result, let us note two things: first, for every element
A ∈ Z∗(NR;Q[y, (y− 1)−1]) we can define its support |A| analogously to the case
where the weights are integers: it is the union of all cones with nonzero weight (cf.
[AR10]). Secondly, note that Z∗(NR;Q[y, (y− 1)−1]) is graded by codimension. For
A ∈ Z∗(NR;Q[y, (y− 1)−1]), we denote by 0 6= Atop the nonzero graded component
of A with minimal grade, that is the top-dimensional part of A.
Proposition 4.5. Let Z be a codimension-k schön subvariety of an algebraic torus T, and let
Trop(Z) be its (ordinary) tropicalization. Then we have |Tropy(Z)| = |Trop(Z)| and
Trop0(Z)
top = (−1)k Trop(Z) .
Proof. It clearly suffices to show the second equality and the inclusion |Tropy(Z)| ⊆
|Trop(Z)|. Let X be a smooth projective toric variety such that (X, Z) is almost
tropical, and let Z denote the closure of Z in X. Let Σ denote the fan of X, and let
σ ∈ Σ be one of its cones. We have a commutative diagram
V(σ) ∩ Z (V(σ) ∩ Z)× T V(σ)
Z Z× T X ,
id×1
i′
id×1
i
j′ j′ × id j
whose central squares are cartesian, where i, j, i′ and j′ denote the canonical closed im-
mersions. As the multiplication map is smooth, Z× T and V(σ) are Tor-independent
over X. It is also clear that Z and
(
V(Σ) ∩ Z)× T are Tor-independent over Z× T.
Thus, by [SGA6, III 1.5.1], Z and V(σ) are Tor-independent over X.
By construction, the weight of Tropy(Z) at σ equals∫
V(σ)
j∗ ch
(
i∗
[(
ykλ−y−1 [N ∨Z/X ]
)−1])
=
∫
V(σ)
ch
(
j∗i∗
[(
ykλ−y−1 [N ∨Z/X ]
)−1])
,
where the equality holds because taking Chern characters commutes with taking
pullbacks. Since V(σ) and Z are Tor-independent over X, we have j∗i∗ = i∗(j′)∗ by
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[SGA6, IV 3.1.1], so the above is equal to∫
V(σ)
ch
(
i′∗(j′)∗
(
ykλ−y−1 [N ∨Z/X ]
)−1)
=
∫
V(σ)
ch
(
i′∗
[(
ykλ−y−1 [(j
′)∗N ∨Z/X ]
)−1])
If σ is not contained in |Trop(Z)|, then V(σ) ∩ Z is empty by [Tev07, Lemma 2.2],
and hence [(j′)∗N ∨
Z/X
] and thereby the weight at σ is zero. In particular, we know
that every cone of dimension greater dim(Z) has weight 0. Now suppose σ ∈ Σ is
a dim(Z)-dimensional cone contained in |Trop(Z)|. Plugging in 0 in the formula
above, we see that the weight of Trop0(Z) at σ is equal to
(−1)k
∫
V(σ)
ch
(
i′∗
[
(j′)∗
∧kNZ/X]) .
Because Z is schön, the intersection V(σ) ∩ Z is an integral 0-dimensional scheme
whose number of points is equal to the multiplicity of Trop(Z) at σ, which we denote
by mZ(σ). Thus, (j′)∗
∧kNZ/X is trivial, and the weight of Trop0(Z) at σ is equal to
(−1)kmZ(σ) times the degree of the Chern character of the structure sheaf of a point,
which is 1 by [Ful93, Example 15.2.16]. This finishes the proof.
Given the refined tropicalization Tropy(Z), it is nontrivial to recover χ
T
y (Z). It
is therefore desirable to be able to read off χy(Z) directly from Tropy(Z), without
passing through χTy (Z). But since we obtained Tropy(Z) from χ
T
y (Z) by taking Chern
characters coefficient-wise, we can use Hirzebruch-Riemann-Roch to do this. This
depends, however, on the choice of a Todd measure, as explained in the next paragraph.
Let X be a complete toric variety corresponding to a fan Σ, and let F be a vector
bundle on X. Hirzebruch-Riemann-Roch tells us that
χ(X,F ) =
∫
X
ch(F ) ∩ Td(X) ,
where Td(X) is the Todd class of X. Both ch(F ) and Td(X) can be described combi-
natorially: the Chern character ch(F ) is completely determined by the Minkowski
weight trop(ch(F )) on Σ assigning to σ ∈ Σ the weight ∫X ch(F ) ∩ [V(σ)] ,whereas
the Todd class can be written as Td(X) = ∑σ∈Σ µΣ(σ)[V(σ)] for appropriate µΣ(σ) ∈
Q. Hirzebruch-Riemann-Roch then yields the formula
χ(X,F ) = ∑
σ∈Σ
trop(ch(F ))(σ) · µΣ(σ) .
Because of the resulting connection between counting lattice points and the Todd
class of toric varieties Danilov posed the question whether the coefficients µΣ(σ)
can be chosen independently of Σ [Dan78]. This was answered positively, but non-
constructively by Morelli [Mor93b], and later constructively by Pommersheim and
Thomas [PT04]. In fact, denoting the set of strongly convex rational polyhedral cones
in MR by C(M), both Morelli, and Pommersheim and Thomas showed that there
exists a function µ : C(M)→ Q such that
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(i) For every fan Σ in NR with associated toric variety XΣ we have
Td(XΣ) = ∑
σ∈Σ
µ(σ)[V(σ)] .
(ii) Whenever a cone τ ∈ C(M) is the union of cones σ1 . . . σk of the same dimension,
such that the σi have disjoint relative interiors, we have
µ(τ) =
k
∑
i=1
µ(σi) .
Because of the latter additivity property any such µ is called a Todd measure. Unfortu-
nately, the Todd-measure is not uniquely determined by the two properties above,
nor is there a canonical choice, unless one extends scalars (cf. [PT04, Section 6]). The
additivity property makes it possible to integrate over tropical cycles:
Definition 4.6. Let A ∈ Z∗(NR; G) be a tropical cycle with coefficients in an abelian
group G, represented by a pair (Σ,ω), where ω : Σ→ G is a weight function on the
fan Σ. Then we define ∫
A dµ := ∑
σ∈Σ
ω(σ)µ(σ) .
Note that this is independent of the choice of fan structure by the additivity of µ.
Finally, part (i) of Theorem 1.1, together with what we mentioned above, yields the
following corollary:
Corollary 4.7. Let Z be a schön subvariety of an algebraic torus T with cocharacter lattice
N. Let µ be a Todd measure on the strongly convex rational polyhedral cones in NR. Then we
have
χy(Z) = χy(T) ·
∫
Tropy(Z) dµ .
Example 4.8. Let us use the formula of Corollary 4.7 to calculate the χy-genera
of two schön hypersurfaces Z1 and Z2 of (κ∗)2 with Newton polytopes ∆1 =
conv{0, (1, 0), (0, 1), (1, 1)} and ∆2 = conv{0, (2, 0), (1, 2), (0, 1)}, respectively. We
have already calculated their refined tropicalizations using the formula of Example
4.3 and have depicted them in Figure 1. To choose a Todd measure µ we note that for
every complete toric surface X with fan Σ we have
Td(X) = 1+
1
2∑ρ
[Dρ] + [X] ,
where the sum is over all rays ρ of Σ, and Dρ is the torus-invariant prime divisor
corresponding to ρ by the Orbit-Cone correspondence. In light of this formula, we
choose µ such that it assigns 1 to the point, i.e the unique 0-dimensional cone, and 12
to every ray. Its values on the full-dimensional cones are less canonical, but depend
on some choices as explained in detail in [PT04]. Luckily, we will not actually need to
16
know these values for our purposes. It is worth noting though that if one is willing to
work with coefficients in R, a suitable choice would be the normalized angle measure
on the cocharacter lattice, which equals Z2 in our case. That is, one could choose µ
such that it assigns to any full-dimensional cone 12pi times the angle around its apex
with respect to the standard scalar product on R2. Whatever our choice for the values
of µ on the top-dimensional cones may be, knowing the values on the point and on
the rays yields
χy(Z1) = (y− 1)2
[
1
2
(
4 · (y− 1)−1
)
+ 1 ·
(
− (y− 1)−1 − 2(y− 1)−2
)]
= y− 3
and
χy(Z2) = (y− 1)2
[
1
2
(
5 · (y− 1)−1
)
+ 1 ·
(
− 5
2
(y− 1)−1 − 5(y− 1)−2
)]
= −5 .
More generally, if Z is a schön hypersurface of (κ∗)2, given by an equation with
Newton polytope ∆ ⊆ Z2, then the formulas of Example 4.3 and Corollary 4.7 yield
χy(Z) =
|∂∆ ∩Z2| − 2 vol(∆)
2
(y− 1)− 2 vol(∆) ,
where ∂∆ denotes the boundary of ∆, and the volume appears since the self-
intersection T (∆)2 equals 2 vol(∆). On the other hand, if X is any smooth projective
toric compactification of (κ∗)2 such that (X, Z) is almost tropical, then the genus of
the smooth curve Z is |∆˚ ∩Z2| by [CLS11, Prop. 10.5.8], and the number of points of
Z in the boundary of X is equal to |∂∆ ∩Z2| by [MS15, Lemma 3.4.6] . Therefore, we
also have
χy(Z) =
(
1− |∆˚ ∩Z2|)(y + 1)− |∂∆ ∩Z2| .
Equating the two formulas we recover Pick’s theorem.
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